In this paper we obtain the chord length distribution function of a non-convex equilateral hexagon and then derive the associated density function. Finally, we calculate the expected value of the chord length.
Introduction
On the one hand, chord length distributions of plane figures and spatial bodies are studied for theoretical reasons (see [17] , [12] , [7] ), on the other hand, there are numerous practical applications such as in acoustics, ecology, image analysis, stereology, and reactor design (see [14, p. 6195] for further bibliographical references). An important application one finds in the small-angle scattering (SAS) for the investigation of material structures using neutron beams or X-rays in order to get information about the average size and the size distribution of particles [8] , [9] .
The chord length distribution functions for a number of planar convex figures are already known. Please refer to the following results:
• every regular polygon [11] , [2] , where in [2] also the distribution function is determined for the distance between two random points uniformly distributed in a regular polygon.
There are straight lines that cross a non-convex body more than one time. So for non-convex bodies we have to distinguish between the chord length distribution function of the one chord distribution (OCD-function) and those of the multiple chord distribution (MCD-function) [14, p. 6195] . If the intersection S = G ∩ F of a random straight line G and a non-convex body F consists of several line segments S i , i = 1, 2, . . . , n, every S i has to be counted as one chord of length |S i | in order to obtain the MCD-function. In the case of the OCD-function, all line segments of S are considered as one chord of length |S| = n i=1 |S i |. The OCD-function and the MCD-function for a non-convex polygon (Kshaped pentagon) have been determined in [1] , the MCD-function by means of simulation and analytical computation, the OCD-function by means of simulation.
In the present paper the notion chord length distribution function always means MCD-function. We determine this function and the associated density function for the non-convex equilateral hexagon H (see Fig. 1 ) in Section 2, and draw some further conclusions in Section 3. 
The distribution function
The measure m for the set S of all chords of H is defined by
, where dG = dp dϕ is the density for sets of straight lines, ϕ is the angle of the normal of the line G with the x axis, and p is the distance of G from the origin. So the equation of G is given by
Up to a constant factor, dG is the only density that is invariant under planar motions [15, p. 28] . Considering p as the signed distance from the origin, we may restrict ϕ to the interval 0 ≤ ϕ ≤ π and get
For the calculation of m(S) we need the width w(ϕ) of H in the direction ϕ. This width function is, as easily verifiable, given by
where
We note that w(ϕ) is symmetrical with respect to the line ϕ = π/2. For 0 ≤ ϕ ≤ π/6 the lines in the strip of the width Fig. 4 ) have to be counted twice, since each of these lines carries two chords. Taking into account the symmetry of H, we get
Alternatively, this result immediately follows from the measure for the set of all lines that intersect a regular hexagon. For every bounded convex set, this measure is equal to its perimeter (see e. g. [15, p. 30] ), hence for the regular hexagon of side length r, it is equal to 6r. The difference between the measures for the sets of lines intersecting the regular hexagon and the non-convex hexagon H is equal to
But this is also the measure for the set of all lines G intersecting H with #(S i :
The measure for all chords S ∈ S of length |S | ≤ s is given by
It follows that the distribution function F for the length of a random chord S of H is defined by
(see [1] , Eq. (2)). In the present case, therefore
Concerning the chord length s, it is necessary to distinguish between the four cases:
In the following, the values
of the angle ϕ are needed for the integration limits. Now we consider Case 1:
a) For fixed value of the angle ϕ ∈ [0, π/6], the set of chords with length ≤ s consists of three strips (see Fig. 2 ) with the widths
We note that the first two strips partially overlap if the respective lines carry two chords. b) For ϕ ∈ [π/6, π/2] the set of chords with length ≤ s consists of two non-overlapping strips ( Fig. 3 ) of widths h 1 (s, ϕ) (see a) and Therefore, the restriction F 1 (s) of the chord length distribution function F (s) for Case 1 is given by
The chord length distribution function of a non-convex hexagon
Now we consider Case 2: (Fig. 4) : The set of chords with length ≤ s consists of three strips of widths Hence the restriction F 2 of F for Case 2 is given by
We consider Case 3: (Fig. 6 ): t 1 (ϕ), t 2 (ϕ) (see Case 2a) and d) ϕ ∈ [π/2 − ϕ 1 (s), π/6 + ϕ 1 (s)]: 1 (s, ϕ), 2 (ϕ) and h 4 (s, ϕ) (see Case 2d). e) ϕ ∈ [π/6+ϕ 1 (s), π/2] (Fig. 8): The lengths of all chords in the direction perpendicular to ϕ are ≤ s, and there are no lines that carry two chords. Hence the width of the strip is equal to the width function w 2 (ϕ). So we have
Case 4: (Fig. 9) : The lengths of all chords in the direction perpendicular to ϕ are ≤ s. The lines in the strip of width of t 2 (ϕ) carry two chords. Therefore, w 1 (ϕ) + t 2 (ϕ) is the measure for all chords with length ≤ s for fixed angle ϕ.
We get
By simplifying the previous results, one finds the following theorem.
Theorem 2.1. The distribution function F of the chord length s of the non-convex hexagon H is given by
The graph of F is shown in Fig. 10 (solid line) . As a comparison we show the distribution function of the regular hexagon of side length r (dashed line) according to [10] and [2, Theorem 1]. With
we easily get the density function f of the chord length s:
For the right-hand limits at the two discontinuities of f (see Fig. 11 ), with the abbreviation h = √ 3 r/2 we find
Furthermore, we have lim 
Conclusions
The linear part f 1 (s) of the density function f (s) in Case 1 can also be obtained by Gates' formula [7, p. 866-867 ]
for convex polygons, where L is the perimeter of the polygon and n is the number of its internal angles γ i . Since H is non-convex, we only consider the internal angles γ i ≤ π/2. With
we get
. 
The area A of H is equal to √ 3 r 2 , and the length L of the boundary ∂H is equal to 6r, hence
We denote by I n , n = 0, 1, 2, . . . , the n-th chord power integral defined by This result for convex sets is also true for the non-convex hexagon H. We note, however, that the measure of all lines intersecting H,
is equal to the perimeter of the convex hull of H, and thus is not equal to the length L of ∂H. In [14, p. 6201-6203] is shown that E[s] = πA/L applies also in general for two planar convex overlapping sets, and, clearly, we may consider H as the union of two overlapping convex sets. Our results may be applied in the different fields mentioned in the introduction of the present paper, especially in the small-angle scattering (SAS).
It is possible to use H in order to disprove conjectures concerning chord length distributions of non convex sets, or check that such a conjecture might be true. Today, there is much more known about distributions for convex sets than for non convex sets.
Furthermore, the results might be used as base for the calculation of the distribution of the distance between two points chosen uniformly at random in the non-convex set H. As already mentioned, for regular polygons this step was done in [2] . Such distributions serve as simple models for the study of wireless ad hoc networks in plane areas (cells).
